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A SIMPLE PROOF OF ZEEMAN’S THEOREM
DO-HYUNG KIM
Abstract. It is discussed that Zeeman’s theorem can be directly
obtained from Liouville’s theorem if we assume sufficient differentia-
bility.
1. Introduction
In 1964, Zeeman has shown that causal isomorphism on Minkowski space
R
n
1 is generated by dilatation, translation and orthochronous matrix.(See
Ref. [1]) In his theorem, he assumed neither differentiability nor continu-
ity of causal isomorphism and so the theorem tells us that if a bijection
preserves causal relation, then the map becomes smooth diffeomorphism.
However, as he remarked, his theorem does not hold if n = 2.
In this paper, we show that if a smooth diffeomorphism preserves causal
relation, Zeeman’s result can be obtained by simple argument of applying
known results. This argument explains explicitly the reason why Zeeman’s
theorem does not hold in two-dimensional Minkowski space. The same idea
as in this paper was suggested by authors in Ref.[2].
2. A new proof
We define a smooth map F : Rn1 → R
n
1 to be a causal isomorphism if it is
bijective and satisfies the condition that x ≤ y if and only if F (x) ≤ F (y).
Then, by Hawking’s theorem(Ref. [3]), or by Proposition 3.13 in Ref.[4]
F is a smooth conformal diffeomorphism and then we can apply the fol-
lowing theorem of Liouville.
Theorem 2.1. Let U be an open subset of semi-Euclidean space Rn
ν
with
n ≥ 3 and F : U → Rn
ν
be a conformal diffeomorphism. Then, F is a
composite of isometry, dilatation and inversion.
Elementary proof of this theorem with the assumption that F is C4 can
be found in Ref.[5] and Theorem 15.2 in Ref.[6].
Key words and phrases. causal isomorphism, causal relation, Zeeman theorem, Li-
ouville theorem.
1
2 DO-HYUNG KIM
We remark that Liouville’s theorem holds when n ≥ 3 and does not hold
for n = 2. In fact, any holomorphic map defined on an open subset of R2
with nonzero derivative, is conformal.
To apply Liouville’s Theorem, we note that inversion has a singularity
and so if F : Rn1 → R
n
1 is a conformal diffeomorphism defined on the
whole of Rn1 , we must discard inversions. Therefore, if F : R
n
1 → R
n
1 is a
smooth causal isomorphism, then F is a conformal diffeomorphism and by
Liouville’s theorem, F is a composite of isometry, dilatation and inversion.
However, since F is defined on the whole of R21, we must discard inversion
and so F is a composite of dilatation and isometry. In conclusion, we have
the following.
Theorem 2.2. Let F : Rn1 → R
n
1 be a C
1 causal isomorphism with n ≥ 3.
Then we have F (x) = aAx + b where a > 0 and A is an orthochronous
matrix.
As we can see in Proposition 3.13 in Ref.[4], any smooth causal iso-
morphism on Rn1 is a conformal diffeomorphism regardless of its dimension
n. However, since Liouville’s theorem does not hold for n = 2, we obtain
Zeeman’s theorem only for n ≥ 3.
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